Generalized compactness limit from an arbitrary viewing angle by Matsumoto, Tatsuya et al.
MNRAS 000, 1–12 (2018) Preprint 8 January 2020 Compiled using MNRAS LATEX style file v3.0
Generalized compactness limit from an arbitrary viewing
angle
Tatsuya Matsumoto,1,2,3? Ehud Nakar,4 and Tsvi Piran1
1Racah Institute of Physics, Hebrew University, Jerusalem, 91904, Israel
2Department of Physics, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan
3JSPS Research Fellow
4The Raymond and Beverly Sackler School of Physics and Astronomy, Tel Aviv University, Tel Aviv 69978, Israel
8 January 2020
ABSTRACT
A γ-ray source must have a limited optical depth to pair production. This simple
condition, called compactness, implies that gamma-ray bursts (GRBs) must involve a
highly relativistic motion (Γ & 100) giving the first and most important clue on their
nature. So far, this condition has been discussed under the assumption that the γ-ray
sources are viewed on-axis, that is, by an observer within the beaming cone of the
relativistic source. Recently, following the detection of the weak short GRB 170817A,
an extensive interest arose in the possibility that some γ-ray sources are viewed off-axis.
We generalize here the compactness formalism for an arbitrary viewing angle taking
several possible opacity processes and γ-ray spectra into account. We find that for
a given observables (peak luminosity, temporal variability, and spectra) the minimal
Lorentz factor, Γmin, is obtained, as expected, for an on-axis observer. More remarkably
we find that compactness dictates also a maximal viewing angle, θmax ' 1/2Γmin. Our
limit implies for regular GRBs a very small allowed viewing angle (. 10−2 rad), making
it extremely unlikely that they are viewed off-axis. For GRB 170817A we confirm
earlier results that rule out the possibility that the observed γ-rays were seen by an
on-axis observer as a regular short GRB. The short GRB 150101B was also suggested
to be an off-axis event. We show that its maximal viewing angle . 0.05 rad, which is
inconsistent with the off-axis model. Finally we show that for low luminosity GRBs,
compactness does not exclude by itself an off-axis model, but when combined with
other consideration this option is strongly disfavored.
1 INTRODUCTION
The first and most important clue on the nature of gamma-
ray bursts (GRBs) arose from the compactness argument.
The combination of huge luminosity, rapid variability, and
a non-thermal spectrum implied that GRBs must involve a
relativistic motion. A Newtonian calculation that uses the
size implied by the temporal variability and the observed
spectrum yields a huge optical depth (∼ 1013) for pair pro-
duction (γγ → e+e−). Such a source would have had no
photons above the electron’s rest mass energy, mec2, where
me and c is the electron mass and the speed of light, respec-
tively, and a thermal spectrum below it. This is the so-called
compactness problem (Ruderman 1975; Schmidt 1978). It
was used as an argument in favor of the Galactic origin (as
such bursts are of course much less energetic) or even for
“new physics”. Compactness problem is resolved, for bright
cosmological GRB sources, by introducing a relativistic mo-
tion towards us (Ruderman 1975; Paczynski 1986; Goodman
1986; Krolik & Pier 1991, see also Woltjer 1966 in the con-
text of compactness in active galactic nuclei). The observed
photon energy is boosted and the observed timescale gets
shorter. Both effects reduce the optical depth. For typical
GRBs, the relativistic optical depth is ∼ 1013/Γ6, where Γ
is the Lorentz factor, and one needs Γ & 102 to obtain the
observed gamma-ray signal (Piran 1997, 1999; Lithwick &
Sari 2001). This was the first and still strongest indication
that GRBs involve a ultra-relativistic motion, as commonly
understood today.
So far, the compactness problem has been discussed
only for sources observed on-axis. Here, we define “on- (off-)
axis” view when an observer sees the source from the in-
side (outside) the relativistic beaming cone whose angular
width is ' 1/Γ. Clearly, off-axis observers see a γ-ray tran-
sient with a lower luminosity, lower typical photon energies
and longer variability timescale than those observed by an
on-axis one and therefore their compactness limits on the
source are different.
There have been numerous suggestions that dimmer
and softer transients, for example low-luminosity GRBs
(llGRBs), are regular GRBs observed off-axis (e.g., Naka-
mura 1998; Eichler & Levinson 1999; Woosley et al. 1999;
Ioka & Nakamura 2001; Yamazaki et al. 2003; Waxman
2004). Similar suggestions (Goldstein et al. 2017; Murguia-
Berthier et al. 2017; Ioka & Nakamura 2018) were made
shortly following the detection of the very weak short GRB
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(sGRB) 170817A (Abbott et al. 2017b; Goldstein et al. 2017;
Savchenko et al. 2017). However, these suggestions did not
take into account the compactness problem (Kasliwal et al.
2017). In an earlier paper (Matsumoto et al. 2019), we have
shown that compactness when combined with other condi-
tions imposed by the afterglow observations (Mooley et al.
2018) rules out the possibility that the observed γ-rays in
sGRB 170817A arose from a regular sGRB jet viewed off-
axis (cf. Eichler 2017). We concluded that another γ-ray
emission mechanism is needed, e.g. shock breakout of a
cocoon (Kasliwal et al. 2017; Nakar et al. 2018; Lazzati
et al. 2018; Kathirgamaraju et al. 2018; Gottlieb et al. 2018;
Bromberg et al. 2018; Pozanenko et al. 2018; Beloborodov
et al. 2018).
Motivated by this example, we derive here the general
compactness condition for an arbitrary γ-ray source for a
general viewing angle. Our work generalizes Lithwick & Sari
(2001) that derived general compactness conditions for an
on-axis observer. In addition to the common condition that
requires that the photons with the highest energy can escape
from the source without pair production, we consider other
processes that can dominate the γ-ray opacity: the Comp-
ton opacity of pairs produced by annihilation of the high
energy photons and the Compton opacity of the electrons
in the outflow. At times, e.g. for sGRB 170817A, those lat-
ter conditions are more important than the first one that is
more commonly considered. To do that we derive the optical
depth to the different opacity sources as a function of the
Lorentz factor and the viewing angle for the source.
We organize this paper as follows: In §2.1 we review the
processes that determines the γ-rays opacity at a source.
Next, we derive in §2.2 an expression of the optical depth
for given observables (peak luminosity, temporal variability,
and spectra) as well as the source Lorentz factor and viewing
angle. Using this expression we obtain, in §2.3, limits on the
Lorentz factor of the source and on its viewing angle. We
apply the general argument in §3 to typical GRBs, to the
low-luminosity sGRBs 170817A and 150101B, and to several
low-luminosity long GRBs (llGRBs ). We summarize our
results in §4.
2 COMPACTNESS
2.1 Opacity sources of γ-rays
We begin by recapitulating the essence of the three processes
that determines the opacity at the source. The first two arise
from pairs produced via two-photon pair production of the
high energy photons. As such they depend on the observed
spectrum. The third source of opacity arises from the elec-
trons that exist within the source. While it does not depend
on the spectrum its significance depends on whether the out-
flow is baryonic or not. Following Lithwick & Sari (2001),
we denote these cases as limits A, B, and C.
In the following we relate the observables in the observer
frame, denoted by Q to those at the source rest frame, de-
noted by Q′. The source is moving with a Lorentz factor Γ
(β ≡
√
1 − 1/Γ2) and the radiation field is roughly isotropic
in the source local frame. The energy of the photons,  , as
seen in the different frames is related via the Doppler factor:
δD(θ, Γ) ≡ 1
Γ(1 − β cos θ), (1)
such that
 = δD(θ, Γ) ′ . (2)
The angle θ is measured from the center of the gamma-ray
emitting region (see below and Fig. 1).1 We ignore redshift
effects that can be trivially added later (see §2.3).
2.1.1 Limit A : Pair production
The most common limit, denoted following Lithwick & Sari
(2001) limit A, arises by demanding that the highest energy
photon observed with energy max escapes from the source
without annihilating with other photons. A naive interpre-
tation is simply max/δD(θ, Γ) ≤ mec2. However this assumes
that the spectrum has an unrealistic sharp cut-off at max
(e.g., in typical GRBs the number of photons above max
should drop by ∼ 10 orders of magnitude before the source
becomes optically thin to max photons under this assump-
tion). There is no reason to assume such a coincidence since
max depends on the detector. Either the flux above max is
too low to be detected or it is just the upper limit of the de-
tector’s window. A priori it is not reasonable to assume that
the spectrum breaks just at this energy. It is most natural to
extrapolate the observed spectrum to higher energies. The
assumption that the spectrum can be extrapolated upwards
is reasonable in the case that the upper part of the spec-
trum is a power-law and can be considered as conservative
when considering an exponential cutoff. Note that by extrap-
olating one assumes only that photons more energetic than
max are present at the source, not that they escape from it
(namely the source does not have to be optically thin to pho-
tons with  > max). To estimate the optical depth for pair
production of a photon with max we define th,A(max) the
minimal energy of the photons with which an max photon
can annihilate:
th,A(max) =
[
δD(θ, Γ)mec2
]2
max
; limit A . (3)
We then calculate the fraction, f , of photons above th,A
and demand that their optical depth is sufficiently small.
Limit A has been commonly used in the GRB literatures
but, depending in particular on the spectral shape, it is not
always the most stringent one.
2.1.2 Limit B : Scattering by pairs
For limit B, we consider the opacity attributable to the pairs
created by self-annihilating photons. The energy threshold
of photons which can self-annihilate is given by
th,B = δD(θ, Γ)mec2 ; limit B. (4)
1 This definition of θ is different from the definition used by Mat-
sumoto et al. (2019), where ∆θobs is measured from the edge of
the γ-ray emission region and not from its center.
MNRAS 000, 1–12 (2018)
Generalized compactness limit 3
We approximate the number of pairs as the number of pho-
tons with energy larger than the threshold energy, and cal-
culate the fraction f , of photons above this threshold for a
given observed spectrum.
Limit B is less known than limit A. However, at times
it is more important. It dominates for bursts with a small
maximal observed photon energy max, which is in particular
the case when the bursts are dim or when the upper end
of the observed spectrum is exponential (as in the case of
a Comptonized power-law) rather than a power-law. Note
that also here, like in limit A, the limit is dictated by an
extrapolation of the observed spectrum to energies above the
highest observed photon energy, and when a Comptonized
spectrum is considered then this extrapolation is the most
natural one.
2.1.3 Limit C : Electron scattering
A third source of opacity is optical depth of the source’s
electrons that accompany the baryons in the outflow. The
total electron number can be estimated, from the baryon
number, which in turn is determined by the energy budget.
For any baryonic outflow, the thermal energy in the rest
frame is larger than the total rest frame emitted photon
energy. The thermal energy per baryon is given by w−mpc2,
where w and mp are the enthalpy per baryon and the proton
mass, respectively. An extreme assumption for a baryonic
outflow is that it was accelerated to its Lorentz factor Γ
from rest and crossed a shock just before the emission took
place. In that case w ' Γmpc2. Note that Lithwick & Sari
(2001) assume here that the available baryonic energy is
w−mpc2 ' mpc2. Our estimate is larger by a factor of Γ−1 and
our limit is, correspondingly, less restrictive. The energetics
argument limits the total baryon number as
Γmpc2N ′baryon & 
′
pN
′
γ, (5)
where  ′p and N ′γ are the observed peak photon energy (peak
energy of the energy flux) and the total photon number in
the emitting region, respectively, such that the right-hand-
side is approximately the total rest frame radiation energy.
Clearly this estimation is valid only in the case that the
energy source is the energy carried by the baryons (e.g. for
an internal-shock model but not a Poynting flux dominated
outflow).
For normal GRBs, limit C gives the weakest limit, hence
not much attention was paid to it in terms of limit on the
Lorentz factor. Instead it was used to put a lower limit on the
emission radius. In this limit, pair production has nothing
to do with the opacity, and the optical depth depends only
on total observed radiation energy and it is independent of
the specific observed spectrum.
2.2 The optical depth
We consider a general γ-ray transient, characterized by
the following observables: (a) an isotropic γ-ray luminos-
ity Lγ,iso, (b) a variable timescale (duration of an observed
single pulse) δt, and (c) the photon spectrum dN/d with
a peak energy p (see Table 1). Using these observables, we
evaluate the optical depth of the γ-ray transient taking the
different limits into account. Note that in this section we
do not take redshift effects into account. However those are
inserted later when we estimate the final results shown in
Table 2.
The optical depth of γ-rays in the rest frame is given
by (e.g., Nakar 2007)
τ ' σN
′
s l
′
piθ2γR2∆R′
. (6)
σ is the relevant cross section, l ′ is the path length of the
photons within the region before escaping to the observer,
and N ′s is the number of annihilating photons in limit A,
number of produced pairs in limit B, and number of source
electrons in limit C. θγ, R, and ∆R′ are the characteristic
angle of the γ-ray emitting region, radial distance where
the emission episode takes place, and the thickness of the
γ-ray emitting region, respectively. The angle and distance
are measured in the lab frame.
The cross section for pair production peaks slightly
above the threshold (given by Eq. 3) and then it decreases
quickly with energy. For a power-law photon spectrum with
a photon index −2, the average value of the cross section
becomes (11/180)σT where σT is the Thomson cross section,
(Svensson 1987; Lithwick & Sari 2001). We use this factor
for a power-law spectrum (PL). We don’t use it for a cut-off
power-law spectrum that declines sharply at high energy. In
the following, we still use the notation σT for simplicity, but
restore the coefficient in the summarizing Table 2.
Generally, the outflow that produces the γ-ray emis-
sion has an angular structure, e.g., luminosity and Lorentz
factor distributions that depend on the angle. Each point
on the outflow contributes to the observed γ-ray flux with
different intensity and Doppler boost. In Matsumoto et al.
(2019), we showed that, because of the sensitive dependence
of the Doppler boost on the viewing angle, unless there is
an extreme fine tuning a small patch of the outflow domi-
nates the observed γ-rays . Thus, we can reasonably assume
that the luminosity and Lorentz factor over the patch are
approximately constant. We denote this region as the γ-ray
emitting region and approximate the geometry of the emit-
ting source by a characteristic angular size θγ over which the
luminosity and the Lorentz factor do not vary significantly.
It is viewed from an angle θ, measured from the center of
this region (see Fig. 1).
For a small viewing angle and a large Lorentz factor,
the angular variation of the Doppler factor depends on the
product Γθ. Hence, for θ < 1/Γ, the observer is on-axis and
relativistic beaming dictates the size of the γ-ray emitting
region: θγ ≤ 1/Γ. For θ > 1/Γ, the observer is off-axis and
the observed γ-ray emission is suppressed by the Doppler
de-beaming. Hence, only a region of size θ can contribute
significantly. Overall, the size of the γ-ray emitting region
satisfies:
θγ ≤ max
{
1
Γ
, θ
}
. (7)
We turn now to evaluate the various quantities that
determine the optical depth (Eq. 6) using the observables.
For limits A and B, we write N ′s as
N ′s = f N ′γ . (8)
Here, f is the fraction of photons whose energy is larger than
the thresholds th,A (Eq. 3) or th,B (Eq. 4). Nγ is the total
MNRAS 000, 1–12 (2018)
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Figure 1. Schematic picture of a γ-ray emitting region and an
observer. Over this region, the luminosity and Lorentz factor are
uniform.
number of photons:
N ′γ '
4pid2Sγ
δ2D(θ, Γ)p
' Lγ,isoδt
δ2D(θ, Γ)p
, (9)
where d is distance to the burst , Sγ ' Lγ,isoδt/4pid2 is ob-
served γ-ray fluence during δt and Lγ,iso the isotropic equiv-
alent luminosity. In deriving this relation, we have used the
transformation of the solid angles ∆Ω = ∆Ω′/δ2D(θ, Γ), and
assumed that the source radiates photons isotropically in
the rest frame.
For a normalized photon spectrum, the photon fraction,
f , is calculated as
f =
∫ ∞
th
dN
d
d , (10)
where th = th,A or th,B and we assume that the observed
high end of the photon spectrum extends to higher ener-
gies. We consider two spectra: a power-law in the relevant
(high energy) segment (denoted PL) and a power-law with
an exponential cut-off, also called a Comptonized spectrum
(CPL):
dN
d
∝

βp ; PL, (11a)
αp exp
[
− (αp + 2)
p
]
; CPL, (11b)
where (following here the standard notation in the GRB
literature) βp and αp are the spectral indices for the high
energy part of the Band function in the PL case and the
power-law of the CPL case, respectively. The fraction of an-
nihilating photons is given by:
f ∼

(
th
p
)βp+1
; PL, (12a)(
th(αp + 2)
p
)αp
exp
(
− th(αp + 2)
p
)
; CPL. (12b)
In the PL case, we consider only the high energy part of the
spectrum and we normalize the spectrum at the peak energy
p.2
In limit C, electrons associated with baryons in the out-
flow scatter the photons. The total baryon number is given
by Eq. (5) :
N ′s = N ′baryon &
p
ΓδD(θ, Γ)mpc2
N ′γ . (13)
Since this value is also proportional to N ′γ, we can use the
same form of N ′s as in limits A and B by defining the fraction,
f , as
f ≡ p
ΓδD(θ, Γ)mpc2
; limit C . (14)
The crux of the argument in the off-axis case is to esti-
mate, using the observed variability time scale δt, the emis-
sion radius, R, and use it to obtain a limit on the optical
depth τ. The observed pulse duration is the sum of three
times. The angular spreading time
δtang =
2R
c

sin(θ) sin
(
θγ
2
)
; θ > θγ2 ,
1 − cos
[
1
2
(
θ +
θγ
2
)]
; θ < θγ2 ,
(15)
the radial timescale
δtradial ≡
dR
cβ
[
1 − β cos θ
]
=
dR
cβΓδD(θ, Γ) , (16)
where dR ≤ R is the distance crossed by the source while
it was active, and the light crossing time δtlc of the photon
shell. Clearly δt ' max{δtang, δtradial, δtlc}.
In Appendix A, we show that if δtlc > (δtradial, δtang),
i.e. the light crossing time is the longest, then the limits
on the opacity are more constraining than those obtained
in case that it is not. Therefore, we consider conservatively
δtlc < δtradial, in which case l ′ ' ∆R′ as a photon emitted
from one side of the emitting region towards the observer
crosses the entire emitting region by the time that the radius
doubles (this point is also shown in appendix A). Taking
l ′ ' ∆R′, Eq. (6) becomes:
τ ' σN
′
s
piθ2γR2
. (17)
Next we examine the limits on τ when R is constrained by
the condition δt = max{δtang, δtradial}. We show in appendix
B that in the off-axis case the limit obtained under the as-
sumption that δt = δtang, is similar to the one obtained in
case that δt = δtrad and dR = R. We also show that this
is also the case for an on-axis observer, unless there is an
anomalously narrow source with θγ  1/Γ. We therefore
continue deriving the limit on τ by by setting δt = δtrad where
dR = R, but we stress that the limit we obtain is applicable
for any type of source when observed off-axis, including a
point source that radiates instantaneously in time, and to
any source with θγ ∼ 1/Γ when observed on-axis.
Substituting Eqs. (8), (9), and (16) with dR = R into
Eq. (17) we find that θγ appears in the denominator and
hence θγ has to attain its maximal value, θγ = max{1/Γ, θ},
2 Strictly speaking, for the Band function (Band et al. 1993), the
peak energy should be replaced with p/(αp,Band+2) where αp,Band
is the low energy power-law index of the Band function.
MNRAS 000, 1–12 (2018)
Generalized compactness limit 5
to minimize τ. Overall we obtain a lower limit on the optical
depth:
τ ≥ τmin =
{
σT
pic2
Lγ,iso
pδt
} [
f
[max{1/Γ, θ}]2βΓ2δ4D(θ, Γ)
]
= L
[
f
[max{1/Γ, θ}]2βΓ2δ4D(θ, Γ)
]
, (18)
where we define the dimensionless observable
L ≡ σT
pic2
Lγ,iso
pδt
' 1.5 × 1013
( Lγ,iso
1051 ergs/s
) ( p
100 keV
)−1 ( δt
0.1 s
)−1
. (19)
Note that L should be multiplied by the factor 11/180 for
limit A and a PL spectrum (see Table 2).
Eq. (18) together with an estimate of f (obtained using
Eq. 12a or 12b with energy thresholds Eq. 3 or 4 for limits A
and B, and Eq. 14 for limit C) is a general form of the mini-
mal optical depth for an observer from an arbitrary viewing
angle. We stress that this is only a lower limit on the opacity
obtained under optimal conditions that minimize the opac-
ity. The actual conditions could be more stringent leading to
a stronger limits on the Lorentz factor and on the viewing
angle. Eq. (18) generalizes the common expression for the
optical depth for an observer at θ = 0 obtained by Lithwick
& Sari (2001). As we see later this θ = 0 expression is a very
good approximation for all on-axis observers.
Table 2 summarizes the different possible forms that
the expression (Eq. 18) takes for the various cases discussed
here. We mark in colors the cases that correspond to typical
GRBs and llGRBs which are the subclass of long GRBs
with low luminosity (see §3.4, for more detailed properties
of llGRBs ).
2.3 Limits on Γ and θ
The fact that we observe bright γ-rays implies that the op-
tical depth of the source is limited. The reasons for this
limit depend on the spectrum. If the spectrum is highly
non-thermal, as in the case of a high-energy power-law, then
τ . 1 since τ  1 leads to either a blackbody or a Wien spec-
trum. This argument is not applicable to a Comptonized
spectrum since it can be a result of a sum of blackbody or
Wein spectra with different temperatures (the sum is needed
to produce a shallow power-law at low energies αp < 3).
However, regardless of the spectral effects, τ > 1 implies
that the photons are trapped inside the source by scattering
unless the source thickness is ∆R < R/(2Γ2τ2). Therefore,
τ  1 leads to an unrealistically thin source, so also in case
of a Comptonized spectrum the optical depth cannot be too
large. In the limits that we derive below we set τmin = 1. If
one is interested in the limit in case of a different value for
τmin then the value of L in Table 2 should be replaced by
L/τmin. Given the weak dependence of the various limits on
the value of L, the effect on the result for any reasonable
value of τmin is minor.
Taking τmin = 1, we obtain first a lower limit on the
Lorentz factor for a given viewing angle. Examination of Eq.
(18) reveals a product of L that depends only on observa-
tional quantities and a term in square brackets that depends
on observables via f and on Γ and θ. In the following we iso-
late the part that depends on the observed quantities in f
and we obtain an expression that depends just on Γ and θ
that we solve for each set of observables.
This solution results in both a lower limit on Γ and an
upper limit of θ. This is a result of the functional shape of
the Doppler factor, which for Γ  1 and θ  1 takes the
form
δD(θ, Γ) ' 2Γ1 + (Γθ)2 ∝
{
Γ ; θ . Γ−1,
Γ−1θ−2 ; θ & Γ−1.
(20)
For a given observing angle θ, the Doppler factor has a max-
imum at Γ = 1/θ. It increases (decreases) with Γ for on-axis
(off-axis) observers. Thus, for a given δD and a given observ-
ing angle θ there are either two solutions for Γ (an “on-axis”
solution with θ < 1/Γ and an“off-axis”solution with θ > 1/Γ)
or no solution if the observing angle is too large.
This implies that compactness sets an upper limit on θ,
consider the dependence of the minimal optical depth, τmin,
on Γ
τmin ∝ f
θ2γΓ2δ
4
D(θ, Γ)
∝
{
f Γ−4 ; θ . Γ−1,
f Γ2θ6 ; θ & Γ−1,
(21)
where θγ = max{1/Γ, θ}. The photon fraction, f , is a de-
creasing function of δD (see Eqs. 3, 4, 12a, 12b, and 14) and
hence for a fixed θ it is minimal at Γ ' 1/θ. Therefore, for
any value of θ the optical depth τmin obtains a minimal value
for Γ ' 1/θ. If this value is larger than unity then there is
no solution for this value of θ. Now, setting Γ = 1/θ shows
that τmin increases monotonically with θ. Therefore there is
a maximal value of θ above which τmin must be larger than
unity and the compactness limit cannot be satisfied. The
behavior of τmin (Eq. 21) is easily understood as follows.
Observation of a given flux implies a photon and particle
density in the source that is a rapidly increasing function
of θ (because larger θ moves the observer out of the beam),
and that above some value of θ the implied source density
implies τ > 1, forbidden by compactness.
This can be seen in Fig. 2 which depicts the allowed
regions, for two sets of parameters (see Table 2) resembling
the observation of GRBs 170817A (left) and 090510 (right).
The colored regions are values of Γ and θ where τ can be
smaller than unity and the thick lines mark the solution for
τmin = 1. The allowed region is divided into on- and off-
axis regions, where the minimal allowed Lorentz factor, Γmin
is obtained for an on-axis observer. At θ = 0 we recover
the results of Lithwick & Sari (2001). Fig. 2 shows that for
each model and each set of parameters there is a maximal
value of θ above which there is no solution. Thus, while the
compactness argument was brought up originally to put on
a lower limit on the Lorentz factor, it turns out that at the
same time it provides a corresponding limit on the maximal
viewing angle θmax. This maximal angle is obtained for an
observer located on the boundary between the “on-axis” and
“off-axis” configurations, namely, for θ ' 1/Γ and as we see
later θ ' 1/2Γmin.
The compactness limits on Γ and θ can be solved nu-
merically for any set of parameters, however, it is illustrative
to derive an analytic approximation. We therefore estimate
the allowed regions of the different limits (A, B, and C)
for a given set of parameters by approximating β = 1 and
MNRAS 000, 1–12 (2018)
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Table 1. Summary of observables.
Observables Typical values used in Fig. 2
Symbol Definition left right
Lγ, iso Isotropic γ-ray luminosity 1047erg s−1 1053 erg s−1
δt Variable timescale 0.1 s 0.01 s
p Peak energy of photons 0.5MeV 4MeV
max Maximum energy of photons 0.5MeV 30GeV
βp Spectral index (PL) −2 −2
αp Spectral index (CPL) −1 −1
z redshift 0 1
Table 2. Summary of lower limits on the Doppler factor δD, the minimal Lorentz factor Γmin, and the maximal viewing angle θmax. The
colored cells mark the relevant limits for typical GRBs (yellow) and llGRBs (pink, see §3.4 for the properties of llGRBs ).
Spectrum Limit L E τmin δD,min Γmin θmax
PL
limit A
(11/180)σT
pic2
Lγ, iso
pδ t
pmax(1+z)2
(mec2)2
L
Eβp+1 δ
2(βp−1)
D
( Eβp+1
L
) 12(βp−1) 1
2
( Eβp+1
L
) 12(βp−1) 1
2
( Eβp+1
L
) 12(1−βp )
limit B σT
pic2
Lγ, iso
pδ t
p(1+z)
mec2
L
Eβp+1 δ
βp−3
D
( Eβp+1
L
) 1
βp−3 1
2
( Eβp+1
L
) 1
βp−3 1
2
( Eβp+1
L
) 13−βp
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p(1+z)
mpc2
LE
Γδ5D
-
( LE
32
)1/6 (2LE)−1/6
CPL
limit A
pmax(1+z)2
(mec2)2(αp+2)
L
Eαp δ
2(αp−2)
D exp
( − δ2DE ) Eq. (23)* δD,min2 12δD,min
limit B
σT
pic2
Lγ, iso
pδ t
p(1+z)
mec2(αp+2)
L
Eαp δ
αp−4
D exp
( − δDE ) Eq. (23)* δD,min2 12δD,min
limit C
p(1+z)
mpc2
LE
Γδ5D
-
( LE
32
)1/6 (2LE)−1/6
Limit A: max photon can escape from the source without pair production.
Limit B: the emitting region is optically thin to Thomson scattering by pairs created by the γ-ray photons .
Limit C: the emitting region is optically thin to scattering by electrons in the source. The limit is relevant for a baryonic outflow and
independent of the spectral shape.
* There is no analytic solution.
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 0.35
100 101 102 103 104
 0
 5
 10
 15
 20
Vi
ew
ing
 a
ng
le 
: θ
 [r
ad
]
Vi
ew
ing
 a
ng
le 
: θ
 [d
eg
]
Lorentz factor : Γ
PL, limit A
limit B
CPL, limit A
limit B
limit C
Γθ=1On axis
Off axis
Dim burst (like GRB 170817A)
θmax
Γmin
10-4
10-3
10-2
10-1
101 102 103 104
10-2
10-1
100
Vi
ew
ing
 a
ng
le 
: θ
 [r
ad
]
Vi
ew
ing
 a
ng
le 
: θ
 [d
eg
]
Lorentz factor : Γ
PL, limit A
limit B
limit C
CPL, limit A
limit B
On axis
Off axis
Bright burst (like GRB 090510)
θmax
Γmin
Figure 2. The allowed Lorentz factor and viewing angle imposed by compactness for two types of GRBs (see Table 1 for the specific
parameters). The dashed and solid curves show the limits for PL and CPL spectra, respectively, and the different colored curves denote
different limits (see also Table 2). Colored regions show the allowed regions for the relevant spectral shape CPL (left) and PL (right)
spectra. The other spectral limit is also shown for a comparison. The black curves (Γθ = 1) divide the phase space to on and off-axis
regions. Limit C is independent of the spectral shape. Left: Parameters corresponding to the dim and soft sGRB 170817 A. Limit B
(red curves) gives the most restrictive constraint. Right: Parameters corresponding to the bright and hard sGRB 090510. Limit A (blue
curves) gives the most severe limit. In particular the viewing angle is constrained to be a very small value, θ . 10−3 rad (Note that the
viewing angle is shown in a logarithmic scale in this figure).
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θγ = 1/Γ even for θ > 1/Γ, which does not change the re-
sult significantly. With these approximations, the factor in
square brackets in Eq. (18) depends only on the Doppler
factor for limits A and B. We have an additional factor of
Γ for limit C. The optical depth is characterized by three
dimensionless parameters: L (defined in Eq. (19)), E, and
the spectral index αp or βp. The dimensionless factor E is
defined as:
E ≡

pmax(1+z)2
(mec2)2 ; PL & limit A,
p(1+z)
mec2
; PL & limit B,
pmax(1+z)2
(mec2)2(αp+2) ; CPL & limit A,
p(1+z)
mec2(αp+2) ; CPL & limit B,
p(1+z)
mpc2
; limit C.
(22)
We have added here the redshift (z) dependence to the def-
inition of E. L is independent of the redshift. There are
three redshift effects (Lithwick & Sari 2001): (i) the distance
d in Eq. (9) should be replaced by the luminosity distance
d → dL/(1+ z). (ii) the timescales in Eq. (18) should be mod-
ified to δt → δt/(1 + z) to account for the cosmological time
dilation. As pointed out by Lithwick & Sari (2001), these
two effects (i) and (ii) cancel out. (iii) the photon energy is
also redshifted:  → (1 + z). This last effect modifies the
threshold energy in Eqs. (3) and (4), and Eq. (14). There-
fore, as noted above, the redshift changes only the parameter
E.
With these definitions, the minimal optical depth (Eq.
18) is given by
τmin =

L
Eβp+1 δ
2(βp−1)
D ; PL & limit A,
L
Eβp+1 δ
βp−3
D ; PL & limit B,
L
Eαp δ
2(αp−2)
D exp
(
− δ
2
D
E
)
; CPL & limit A,
L
Eαp δ
αp−4
D exp
(
− δDE
)
; CPL & limit B,
LE
Γδ5D
; limit C .
(23)
These equations can be rewritten as limits on the
Doppler factor in term of the observed parameters for lim-
its A and B. In particular, for PL spectrum, we obtain by
setting τγ,min = 1:
δD,min =

(Eβp+1/L) 12(βp−1) ; PL & limit A,(Eβp+1/L) 1βp−3 ; PL & limit B. (24)
Once the Doppler factor, δD,min, is known, we have:
θ(Γ) = arccos
[
ΓδD,min − 1
δD,min(Γ2 − 1)1/2
]
; limits A & B. (25)
The minimal Lorentz factor is obtained by setting θ = 0 as
Γmin =
δ2D,min + 1
2δD,min
[
' δD,min/2
]
. (26)
The maximal angle for a given δD,min is
θmax = arcsin
(
δ−1D,min
) [ ' 1/2Γmin] , (27)
and the Lorentz factor at the maximal angle is
Γ(θmax) = 1/sin θmax
[
' 2Γmin
]
. (28)
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Figure 3. Contours lines of the maximal viewing angle, θmax, and
the minimal Lorentz factor, Γmin, for a PL spectrum and limit A
(the spectral index is fixed βp = −2). The yellow shaded region
show the parameter space of normal GRBs with L & 1012 and
demonstrates that typical GRBs are unlikely to be observed from
an off-axis view.
Where the approximate values in the square brackets are
valid for δD,min  1.
For limit C, since an additional factor of Γ appears in
Eq. (23), we approximately derive the allowed region for on-
axis and off-axis regions separately. In the on-axis regime,
using Eq. (20) one obtains τmin = 1 for:
Γ = Γmin '
(LE
32
)1/6
; limit C . (29)
In the off-axis regime, τmin = 1 is obtained for an angle
θ(Γ) '
(LE
32
)−1/10
Γ−2/5 , (30)
which is a decreasing function of Γ. Since in this regime
θ > 1/Γ the maximal angle may be reasonably evaluated by
Eq. (27), θmax ' 1/2Γmin, as for limits A and B.
Tables 1 and 2 summarize the results of this paper. In
Table 2, we list the definitions of the parameters L and E,
that are obtained by the observables in Table 1, and the
expressions for the optical depth and the resulting limits on
δD, Γ, and θ (if it is analytically derived) for each spectrum.
Fig. 3, depicts the contours of a fixed θmax and Γmin
as a function of the observables L and E for a PL spec-
trum in limit A, which is relevant for typical GRBs. Due
to the power-law dependence of τmin on L and E, the con-
tours are straight lines. A small E implies a large energy
threshold for pair creation, which reduces the photon frac-
tion and hence the compactness limits are relaxed leading
to a lower values of Γmin and larger values of θmax. The yel-
low shaded region in this figure corresponds to typical GRBs
with L & 1012. These GRBs have very small maximal view-
ing angles θmax . 10−2 rad. The chance to observe such a
GRB off-axis (relative to observing it on-axis) is θmax/θj  1
where θj is the jet opening angle of the GRB. In other words,
it is hardly possible that regular GRBs are viewed off-axis
(see also §3.1).
Fig. 4 depicts contour lines of Γmin and θmax for a CPL
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Figure 4. The same as Fig. 3 but for a CPL spectrum and lim-
its B and C with αp = −1. The thick curves denote the contours
of limit B for fixed values of θmax = 0.01, 0.025, 0.05, and 0.1 to
0.5 rad with 0.1 rad steps and the corresponding Γmin values. The
contours for limit C are also shown with thin curves in the region
where limit C is more constraining than limit B. The values of
Γmin and θmax of these contours are the same as those on the B con-
tours in which they end. The red and blue points show observed
sGRB and llGRBs , respectively. The grey shaded region denotes
a parameter region where a relativistic motion is not required.
spectrum in limits B (αp = −1) and C. These limits are rel-
evant for low luminosity γ-ray transients (see §3). Since the
CPL spectrum is exponential, the contours have no longer
a simple form. The contour’s shape does not change much
for a different value of αp because the spectral index is ab-
sorbed into the definition of E and it disappears from the
exponential. Also shown are Γmin and θmax dictated by limit
C. This limit becomes important for low luminosity bursts
(e.g., left panel of Fig. 2). The contours for limit C are given
by
L ∼ mpθ
−6
max
2me(αp + 2)E ' 9.2 × 10
8
(
θmax
0.1 rad
)−6 1
(αp + 2)E . (31)
Note that in this equation, the parameter E is defined for
limit B (see Eq. 22) and overall the limit is independent of
the spectral shape, as expected. Like in limit A, a smaller
E values allow larger viewing angles. However, if E is too
small, limit C constrains the maximal angle more strictly.
We also find that for events with L . 107−8 and E . 0.1,
the compactness considerations do not require a relativistic
motion of the γ-ray sources.
3 APPLICATION TO γ-RAY TRANSIENTS
We turn now to apply the generalized compactness argument
to specific events (listed up in Table 3) focusing on those
events that have been discussed in the context of off-axis
emission models.
3.1 Typical GRBs
We begin with a discussion of the compactness constraint
on ordinary bright GRBs. These bursts have a large γ-ray
luminosity Lγ,iso & 1051 erg s−1 and a rapid time variability
δt ∼ 0.01−0.1 s. These give rise to a large L & 1012 (Since we
consider limit A we add an additional factor 11/180 to Eq.
19). The allowed parameter region for typical GRBs is shown
in Fig. 3 and the specific limits on GRB 090510 (Ackermann
et al. 2010) are shown on the right panel of Fig. 2. Note that
GRB 090510 is one of the brightest and hardest GRBs and
hence its limits are tighter than those of a typical GRB.
The large value of L in typical GRBs implies that Γmin and
θmax are tightly limited as Γmin & 102 and θmax . 10−2 rad.
The very small allowed viewing angle justifies the commonly
adopted “on-axis” assumption and limits the chance that a
typical GRB is viewed by an off-axis observers.
For typical GRBs the commonly used limit A is the
dominant one. Limit B is applicable for softer bursts and in
particular for weak bursts with a CPL spectrum. Limit C is
hardly important for typical bursts, but it is used, implicitly,
in regular GRBs in the context of photospheric emission
models.
3.2 GRB170817A
Next, we revisit the compactness of GRB 170817A (Kasli-
wal et al. 2017; Gottlieb et al. 2018; Matsumoto et al. 2019).
The very dim γ-ray luminosity motivated some authors to
consider an off-axis emission model, where the γ-ray emis-
sion is produced from a relativistic jet core. However, the
constraint on the angular configuration from the compact-
ness showed that the γ-ray emitting region should be closer
to our line of sight than the jet core (Matsumoto et al. 2019,
see also Ioka & Nakamura 2019).
Fig. 5 depicts the allowed (Γ, θobs) region derived by
imposing τmin < 1. Since both limits B and C can be im-
portant for dim bursts (see below), we show the allowed
region for both limits (red and magenta curves). There is
a maximal allowed viewing angle as we discussed in §2.3.
The Lorentz factor and viewing angle are constrained to be
Γmin = 3.7 (4.2) and θmax = 0.13 (0.17) rad by limits B (C),
respectively We stress again that for limit B we assumes
that the exponential photon spectrum extends to higher en-
ergies than the observed ones.3 But there is no reason to
expect a super-exponential spectrum at higher energies. On
the other hand limit C is independent of the spectrum. We
also remark that the maximal angle given by limit B, θmax
is smaller by about a factor of 2 than that obtained by Mat-
sumoto et al. (2019) (see their Fig. 2). This is because of a
different definition of the angle. Here θ is the measured from
the center of the γ-ray emitting region while in Matsumoto
et al. (2019) it is the angular distance from the edge of the
γ-ray emitting region. Moreover, Matsumoto et al. (2019)
have approximated the Doppler factor δD(θ, Γ) ∼ 2/(Γθ2),
and this approximation breaks down for low Lorenz factor.
3.3 GRB 150101B
GRB 150101B is one of the nearest sGRBs (Troja et al.
2018; Burns et al. 2018). Its γ-ray isotropic equivalent energy
3 §4 of Matsumoto et al. (2019) discusses a spectrum indepen-
dent limit that pair production opacity imposes on the source of
emission in GW170817.
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Table 3. Observables and the derived Γmin of selected γ-ray transients. The most constraining limit is denoted by boldface. For GRB
170817A and 150101B, the first and second lines show the observables given by time-resolved spectral analysis and ones by time-integrated
analysis. ∗ Note that the analysis breaks down for Γmin values approaching unity.
Event (Ref)
Observables Limit : Γmin(∼ 1/2θmax)
Lγ, iso [erg s−1] δt [s] p [keV] max [keV] βp (PL) αp (CPL) z limit A limit B limit C
GRB 090510 (1) 1053 0.01 4000 3 × 107 −2 - 0.9 910 690 66
GRB 170817A (2,3,4) 2 × 1047 0.2 520 520 - −0.6 0.008 1.7 3.7 4.2
185 - 1.3 2.0 4.2
GRB 150101B (5) 1051 0.01 1300 1300 - −0.8 0.1 5.5 17 29
4 × 1050 0.02 550 - 3.6 7.9 21
GRB 980425 (6,7,8) 6 × 1046 10 70 200 −2.3 - 0.009 2.2 3.7 1.9∗
120 - −1.2 1∗ 1.5∗ 1.9∗
GRB 031203 (9) 1048 40 > 200 400 - −1.6 0.1 1.5∗ 3.2 2.3
GRB 060218 (8,10) 3 × 1046 2000 30 100 - −0.9 0.03 1∗ 1∗ 1∗
GRB 100316D (11) 3 × 1046 300 30 - - −1.4 0.06 - 1∗ 1.2∗
GRB 171205A (12) 1047 140 120 1000 - −0.85 0.04 1.2∗ 1.2∗ 1.4∗
Refs. (1) Ackermann et al. (2010), (2) Goldstein et al. (2017), (3) Veres et al. (2018), (4) Abbott et al. (2017a), (5) Burns et al. (2018),
(6) Galama et al. (1998), (7) Frontera et al. (2000), (8) Kaneko et al. (2007), (9) Sazonov et al. (2004), (10) Campana et al. (2006),
(11) Starling et al. (2011), (12) D’Elia et al. (2018)
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Figure 5. The allowed region of the Lorentz factor and the view-
ing angle determined by the compactness argument for GRB
170817A for limits B (red) and C (magenta). The parameters
are set by Lγ, iso = 2 × 1047 erg s−1, δt = 0.2 s, p = 520 keV, and
αp = −0.6 (see Table 3). The blue shaded region depicts the re-
quired parameters for the emission to arise from the jet that was
inferred from the afterglow observations.
Eγ,iso ∼ 1049 erg is relatively small. It has a CPL spectrum
with a rather large peak photon energy, p ∼ 1300 keV, and
it is highly variable, δt ∼ 0.01 s (see Table 3). GRB 150101B
also shows a bright optical and long-time X-ray afterglows.
Troja et al. (2018) suggested that we have observed an off-
axis emission with angular distance of θ ∼ 10 deg ' 0.18 rad,
the strong optical afterglow is a macronova signal and the
long-time X-ray emission is the off-axis afterglow. Since
GRB 150101B is not as dim as GRB 170817A, compact-
ness gives a tighter constraint on the maximal angle. We
find that θmax . 0.05 rad (see Fig. 4). This constraint rules
out the off-axis model, which requires a much larger view-
ing angle. The minimal Lorenz factor is constrained to be
Γmin ' 20.
Several authors suggested that the origin of the γ-rays
in GW170817 is the shock breakout of the cocoon (Kasliwal
et al. 2017; Nakar et al. 2018; Gottlieb et al. 2018; Bromberg
et al. 2018; Pozanenko et al. 2018; Beloborodov et al. 2018)
Interestingly, the observed γ-rays from GRB 150101B sat-
isfies the closure relation for relativistic shock breakouts
(Nakar & Sari 2012). A breakout radius of R ∼ 1012 cm
and a Lorentz factor of Γ ∼ 35 are predicted to produce a
δt ∼ 0.01s pulse with p ∼ 1300 keV and a total energy of
Eγ,iso ∼ 1049 erg. The breakout radius is similar to the one
suggested for GW170817 (Nakar et al. 2018). The higher
Lorentz factor is expected if the breakout is driven by a
cocoon and is observed at an angle that is closer to the
jet axis than in GW170817, as implied by the afterglow of
GRB 150101B. This supports a picture where both GRBs
170817A and 150101B are generated by shock breakouts,
where the main difference is the angle with respect to the
jet axis and thus the Lorentz factor of the shock.
3.4 Low luminosity GRBs (llGRBs)
llGRBs are a subclass of long GRBs (lGRBs) whose proper-
ties are very different from those of typical lGRBs, such as
much lower luminosity ∼ 1046−48 erg s−1, lower peak photon
energy . 100 keV, a smooth light curve and a longer en-
tire duration & 100 s (Kulkarni et al. 1998; Campana et al.
2006; Soderberg et al. 2006; Kaneko et al. 2007; Bromberg
et al. 2011). Table 3 describes the observables of several
llGRBs . In particular, the lower photon energy and lesser
time variability suggest weak relativistic boosts. However,
both lGRBs and llGRBs are associated with peculiar broad-
line type Ic SNe, which suggests that they share the same
progenitors (e.g., Nakar 2015). A common hypothesis that
llGRBs are ordinary GRBs viewed off-axis (Nakamura 1998;
Eichler & Levinson 1999; Woosley et al. 1999; Ioka & Naka-
mura 2001; Yamazaki et al. 2003; Waxman 2004) is prob-
lematic because their afterglow observations do not show the
expected off-axis afterglow signature (e.g., Soderberg et al.
2006, for GRB 060218).
Fig. 6 shows the compactness limits B and C for llGRB
980425. As both PL and CPL spectra were fitted to this
event (see Table 3) we use both types of spectra. The PL
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limits are quite constraining, but the CPL limits as well as
limit C that is independent of the spectrum show that a
rather large region in the phase space is allowed with an
observing angle of up to ∼ 0.4 rad.
Assuming that this burst was produced by an ordinary
GRB with Eγ,iso,obs(θ = 0) ∼ 1050−52 erg but viewed from
off-axis (see e.g., Ioka & Nakamura 2001; Yamazaki et al.
2003) we estimate the allowed parameter region for the off-
axis model (shown as a blue shaded band in Fig. 6). Indeed
there is an overlap between the two regions, thus strictly
speaking compactness cannot rule out the off-axis model.
However the required region is constrained with a maximal
viewing angle θmax ∼ 0.2− 0.3 rad. The constraint is more se-
vere if we assume that the on-axis emission of llGRB 980425
was a regular GRB with a typical Lorentz factor Γ & 102.
This would constrain the observing angle to be . 0.06 rad,
making the off-axis scenario extremely unlikely and already
ruled out by radio afterglow observations (Soderberg et al.
2004).
Like in GRB 980425 (see Fig. 6), for other llGRBs ,
compactness cannot exclude the off-axis scenario. However,
the compactness argument is still useful to constrain the
allowed parameter region and becomes more powerful by
combining afterglow observations. As shown in Fig. 4, most
llGRBs have larger maximal angle than that of GRB 980425
because of their small peak energy p. In particular, com-
pactness does not necessarily require a relativistic outflow
for GRBs 060218 and 100316D.
If we require ordinary lGRBs with Γ & 102 to pro-
duce the llGRBs , the constraint on the viewing angle be-
comes more severe as shown for GRB 980425 in Fig. 6. The
maximal off-axis viewing angles for llGRBs 031203, 060218,
100326, and 171205, (assuming from regular lGRB sources
with Γ & 102) are θmax = 0.064, 0.28, 0.17, and 0.11 rad,
respectively. For GRB 031203, Ramirez-Ruiz et al. (2005)
gave θobs ∼ 2θj ∼ 0.14 rad. This is marginally excluded by
compactness. For GRB 060218, Soderberg et al. (2006) ex-
cluded the viewing angles θ . 1.1 rad. Combining the com-
pactness constraints, we can exclude the off-axis model for
this event.
While as stated above the compactness limit on its
own cannot rule out the possibility that llGRBs are regular
lGRBs viewed off-axis, its implication are still far reaching.
In particular, the very small viewing angle implied by this
argument (see Figs. 6 and 4) and in particular the smaller
angles implied with assuming typical lGRB sources with
Γ & 102 suggest that the rate of off-axis viewed lGRBs
should be rather small as compared with the rate of reg-
ular lGRBs. On the other hand the observations imply that,
while there are only few observed llGRBs , their intrinsic
rate is about ten times larger than the rate of lGRBs (see
e.g. Soderberg et al. 2006).
4 SUMMARY
We extended here the compactness formalism, that was com-
monly used for on axis observers, to an observer at a gen-
eral viewing angle. We derived an expression for the optical
depth of the γ-ray emitting region for three limits on the
opacity (see Lithwick & Sari 2001): Limit A is the commonly
used one and it imposed that the highest energy photon can
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Figure 6. The allowed region of the Lorentz factor and the
viewing angle for llGRB 980425. The parameters are set by
Lγ, iso = 6 × 1046 erg s−1, δt = 10 s, p = 70 keV and βp = −2.3 (for
PL spectrum), and 120 keV and αp = −1.2 (for CPL spectrum)
(see Table 3). In the off-axis model, the Lorentz factor and view-
ing angle are constrained within the blue shaded region. The thin
dashed vertical line marks the typical minimal Lorentz factor for
regular GRBs. Thus if llGRB 980425 was a regular lGRB viewed
off-axis it should have been to the right of this line, allowing for a
very small viewing angles, a possibility that is ruled out by radio
afterglow observations (Soderberg et al. 2004).
escape from the source. The other limits are less known (see
however Lithwick & Sari 2001). Limit B requires that the
number of pairs produced is sufficiently small so that the sys-
tem remains optically thin to Compton scattering. In limit
C, which is valid only for baryonic outflow, the electron ac-
companying the baryons should be optically thin for γ-rays
. We also considered two common spectral shapes (a sin-
gle power-law and a power-law with an exponential cut-off),
and the analysis can be easily extended to other spectral
shapes. By imposing that the optical depth is smaller than
unity, we obtain the allowed condition on the Lorentz factor
Γ and viewing angle θ. A given event can be characterized
by two dimensionless parameters E and L (see Eqs. 19 and
22), and the spectral index (αp or βp). The resulting limits
are summarized in Tables 1 and 2.
We find that the minimal Lorentz factor is obtained for
an on-axis observer, θ = 0, this configuration is the same as
the one discussed in previous works (e.g., Lithwick & Sari
2001). Interestingly, we find that there is a maximal allowed
viewing angle θmax for each event. This maximal viewing
angle satisfies Γθmax ' 1, thus it is on the boundary between
being on-axis and off-axis.
We applied the generalized compactness argument to
the weak sGRBs 170817A and 150101B, and to several
llGRBs . For GRB 170817A, we confirmed earlier results
(Kasliwal et al. 2017; Lazzati et al. 2018; Kathirgamaraju
et al. 2018; Gottlieb et al. 2018; Bromberg et al. 2018; Poza-
nenko et al. 2018; Matsumoto et al. 2019) that the observed
relativistic jet core could not be the origin of the γ-rays in
GRB 170817A. For the weak sGRB 150101B that was pro-
posed to be an off-axis sGRB (Troja et al. 2018; Burns et al.
2018) we find a severe limit on the viewing angle, strongly
disfavoring the off-axis option. For llGRBs , we find that
the off-axis emission scenario cannot be excluded by com-
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pactness argument alone. However, compactness arguments
limit strongly the allowed parameter phase space for such
models, which when combined with other constraints, make
an off-axis origin highly unlikely. Finally we find that regu-
lar GRBs (both long and short) can be viewed off axis only
from a very small viewing angles. Thus the chance that we
have observed a regular GRB off-axis is slim.
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APPENDIX A: THE LIGHT CROSSING TIME
First we show that if δtlc > (δtradial, δtang), i.e. the light
crossing time is the longest, then the limits on the opacity
are more constraining or equal to those obtained otherwise.
Namely, that the least constraining limit on τ is obtained
when l ′ ' ∆R′. We will show that for the two limits of fully
on-axis observer, θ = 0, and fully off axis observer, θ  1/Γ.
Consider a photon released at a radius R towards the ob-
server from a point source that moves radially at a Lorentz
factor Γ. By the time that the photon have reached 2R the
point source have reached a radius R(1 + β/cos θ), so the ra-
dial distance between the source and the photon is at this
time is d = R(1 − β/cos θ), which for θ = 0 is d ' R/2Γ2 and
for 1/Γ  θ  1 it is d ' Rθ2/2. Now, l ' min{d,∆R} and
let’s define q > 1 such that ∆R = qd, and δtlc = qd/c. This is
compared to the radial time that for dR = R is δtradial = d/c
(both on- and off-axis). Finally, l ′/∆R′ = l/∆R = min{1, 1/q}.
With all these we can now compare τ between the case that
the light crossing time dominates, i.e., q > 1 and the case
that the radial time dominates. From Eq. (6) we see that
for q < 1 the optical depth is independent of q. But, when
q > 1 the optical depth must be smaller by at least a factor
of q. The reason is that when q > 1 the limit δtradial < δtlc
implies that R is smaller than ∆R by at least a factor of q.
This implies that the least constraining limit on τ is obtained
for q < 1, namely the width of the emitting region is small
enough so that the light crossing time can be neglected.
APPENDIX B: ANGULAR TIMESCALE VS.
RADIAL TIMESCALE CONSTRAINS
We show first that in the off-axis case the limit on τ obtained
under the assumption that δt = δtang, is similar to the one
obtained in case that δt = δtrad and dR = R. In off-axis case
with 1/Γ  θ  1, the angular time and radial time are
approximately
δtang =
2R
c
sin(θ) sin
(
θγ
2
)
' Rθθγ
c
, (B1)
and
δtradial '
dRθ2
c
, (B2)
respectively. Note that for brevity, we ignore here numerical
factors of order unity. We focus on the factor 1/(θγR)2 in
the optical depth (Eq. 17). All other factors are identical for
both cases. When δt = δtang, this factor becomes 1/(θγR)2 '
(θ/cδt)2. On the other hand, when δt = δtradial with dR = R,
we obtain the same expression:
1
(θγR)2
'
(
θ2
θγcδt
)2
=
(
θ
cδt
)2
, (B3)
where we used θγ = max(θ, 1/Γ) = θ, as the larger value of θγ
minimizes τ.
The limit on τ becomes similar in both cases for an
on-axis observer (θ  1/Γ), unless there is an anomalously
narrow source with θγ  1/Γ. The timescales are given by
δtang =
2R
c
{
1 − cos
[
1
2
(
θ +
θγ
2
)]}
' Rθ
2
γ
c
, (B4)
and
δtradial '
dR
cΓ2
. (B5)
While the assumption of δt = δtang gives the factor
1
(θγR)2
'
(
θγ
cδt
)2
, (B6)
the case δt = δtradial with dR = R gives
1
(Rθγ)2
'
(
1
θγΓ2cδt
)2
. (B7)
The factor 1/(θγR)2 becomes the same expression for both
cases for an emitting region with a reasonable angular extent
θγ ∼ 1/Γ .
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